Abstract. Let M be an exact symplectic manifold equal to a symplectization near infinity and having stably trivializable tangent bundle, and φ : M → M be an exact symplectomorphism which, near infinity, is equal to either the identity or the symplectization of a contactomorphismφ such that neitherφ norφ 2 has fixed points. We give conditions under which Seidel and Smith's localization theorem for Lagrangian Floer cohomology implies the existence of a spectral sequence from HF (φ 2 ) ⊗ Z2((θ)) to HF (φ) ⊗ Z2((θ)).
Introduction
Fixed point Floer cohomology is an invariant introduced by Floer [11] and Dostoglou-Salamon [6] which associates to an symplectic manifold (M, ω) and symplectomorphism φ (with one of several possible choices of technical conditions) a graded Z 2 -vector space HF (φ). Floer introduced it hoping to study the Arnol'd conjecture, which he proved in the positively monotone case [11] . The theory is an invariant of the Hamiltonian isotopy class of φ, and has been used to study the symplectic mapping class group by Seidel [21] , Seidel-Khovanov [18] , Keating [17] , and others. Many computations of of the Floer cohomology of particular symplectomorphisms in the twodimensional case have been made by Cotton-Clay [4, 5] , Eftekhary [7] , and Gautschi [13] .
The definition of HF (φ) involves counting pseudoholomorphic cylinders connecting the (perturbed, nondegenerate) fixed points of φ, or equivalently doing Morse theory on a twisted free loop space of M . However, there is an identification of HF (φ) with the Lagrangian Floer cohomology of the graph Γ φ = {(a, φ(a)) : a ∈ M } of φ and the diagonal ∆ = {(a, a) : a ∈ M } in the manifold M ×M − when this theory is well-defined. Here M − is the symplectic manifold (M, −ω). The purpose of this paper is use this identification and Seidel and Smith's localization theorem for Lagrangian Floer cohomology to give hypotheses under which there exists a spectral sequence from HF (φ 2 ) ⊗ Z 2 ((θ)) to HF (φ) ⊗ Z 2 ((θ)), where Z 2 ((θ)) is the ring Z 2 [[θ] ](θ −1 ).
Our assumptions will be as follows. Let (M, J, ω) be an exact symplectic manifold with symplectic form ω = dλ and compatible almost complex structure J. We ask that M admits a strictly plurisubharmonic function f : M → R with compact critical set (so that near infinity M is the symplectization of the contact manifold M c = f −1 (c) for sufficiently large c). Let φ : M → M be an exact symplectomorphism. We will require that near infinity φ is either equal to the identity, or equal to the symplectization of a contactomorphismφ : M c → M c such thatφ andφ 2 have no fixed points. We will see that it follows from work of Khovanov and Seidel for the Lagrangian Floer cohomology of Lagrangians with Legendrian boundary in Liouville domains that the Lagrangian Floer cohomology HF (∆, Γ φ ) is well-defined for either of these conditions. (If φ is the identity near infinity, we must first deform Γ φ to have compact intersection with ∆; see Section 2 for details.)
Our first major hypothesis is that the tangent bundle T M is stably trivialized as a symplectic vector bundle. We then consider the map Φ : M → Sp(∞) into the symplectic group induced by the action of φ * on the stabilized tangent bundle. After picking a deformation retract from Sp(∞) to U , we see that [Φ] is a class in K 1 (M ). We call it the polarization class. Theorem 1.1. If T M is stably trivialized as a symplectic vector bundle and the polarization class [Φ] is trivial, there is a spectral sequence with E 1 page HF (φ 2 ) ⊗ Z 2 ((θ)) and E ∞ page Z 2 ((θ))-isomorphic to HF (φ) ⊗ Z 2 ((θ)).
The assumption that T M is stably trivialized and the map Φ : M → Sp(∞) is nulhomotopic has appeared previously in the literature as a possible restriction on Floer cohomology constructions; it is used in work of Cohen, Jones, and Segal as a prerequisite to constructing a homotopy theory for HF (φ) [3] . Theorem 1.1 has the following corollaries. Let M and φ satisfy the hypotheses above. Corollary 1.2. If the hypotheses of Theorem 1.1 are satisfied, there is a rank inequality
Now let Symp c (M ) be the group of symplectomorphisms of M which are equal to the identity outside a compact set. The following is a direct consequence of the rank inequality of Corollary
Corollary 1.3. Let M and φ be a symplectic manifold and exact symplectomorphism satisfying the hypotheses of Theorem 1.1 and such that φ is equal to the identity outside a compact set. Suppose that
There are also two special cases in which the hypotheses of Theorem 1.1 are automatically satisfied.
Corollary 1.4. Let M = T * S n for n even, and φ : M → M any symplectomorphism which, near infinity, is equal to the identity or the symplectization of a contactomorphismφ such thatφ and φ 2 have no fixed points. Then there is a spectral sequence whose E 1 page is HF (φ 2 ) ⊗ Z 2 ((θ)) and whose E ∞ page is Z 2 ((θ))-isomorphic to HF (φ) ⊗ Z 2 ((θ)).
Proof. Since H 1 (M ) = 0, φ is automatically exact. Furthermore, T (T * S n ) is stably trivializable since T S n is. The set of maps [T * S n , Sp(∞)] is equal to S n , U = π n (U ) = 0 since n is even. Hence the map Φ must be nulhomotopic.
The same holds if we have a plumbing of even-dimensional spheres. The notion of symplectic plumbing was introduced by Gompf [14] after being suggested by Gromov [15] ; a very concrete definition can be found in [1, Definition 2.1].
Corollary 1.5. Let M be a symplectic plumbing of cotangent bundles of even-dimensional spheres along some tree, φ : M → M any symplectomorphism which, near infinity, is equal to the identity or the symplectization of a contactomorphismφ such thatφ andφ 2 have no fixed points. Then there is a spectral sequence whose E 1 page is HF (φ 2 )⊗ Z 2 ((θ)) and whose E ∞ page is
The proof of Theorem 1.1 relies first on the following proposition, which is a consequence of a well-known strategy for unfolding holomorphic curves. A proof can be found in Section 2. Let
which are each exact Lagrangians in M 4 . We have the following. Proposition 1.6. There is an isomorphism
Therefore, we have an identification of HF (φ 2 ) with HF (Γ φ Γ φ , ∆∆), and we will concentrate our attention on the latter version of this theory.
The second, more involved, ingredient of our proof is a 2010 theorem of Seidel and Smith [22] which gives a localization spectral sequence for Lagrangian Floer cohomology under certain rigid technical conditions. Let N be an exact symplectic manifold which is convex at infinity, and let L 0 and L 1 be two exact Lagrangian submanifolds which either convex at infinity or compact. Assume that L 0 ∩ L 1 is compact. Let τ : N → N be a symplectic involution which preserves L 0 and L 1 setwise. Then the fixed set of τ is a symplectic manifold N inv containing Lagrangians L inv 0 and L inv 1 which are the fixed sets of L 0 and L 1 respectively. There is an additional, highly nontrivial, hypothesis on (N, L 0 , L 1 ) called the existence of a stable normal trivialization. We will say more about this hypothesis in Section 4. 
] from the E ∞ page which becomes an isomorphism after tensoring with θ −1 .
The E ∞ page of the spectral sequence is the Borel or equivariant cohomology of (N, L 0 , L 1 ) together with the involution τ .
In our particular case, we consider the manifold
. Our Lagrangians and invariant sets are as follows.
In Section 2 we will check that the symplectic conditions of Theorem 1.7 are met, and in Section 3 we will check that (M 4 , Γ φ Γ φ , ∆∆) has a stable normal trivialization. Once we have satisfied ourselves that all these hypotheses are met, we see that Proposition 1.6 and Theorem 1.7 together imply the spectral sequence
This paper is organized as follows. In Section 2 we briefly discuss the definition of the Lagrangian Floer cohomology of a symplectomorphism, paying particular attention to issues arising from noncompact Lagrangians, check that the symplectic conditions of Theorem 1.7 are met, and give a proof of Proposition 1.6. In Section 3 we introduce Seidel and Smith's localization theorem in more detail and show that our setup satisfies their triviality conditions. We conclude with a remark about the broader context of Proposition 1.6 and possible future directions for research.
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Exact conical Lagrangians and HF (φ)
Floer cohomology is an invariant for Lagrangian submanifolds in a symplectic manifold introduced by Floer [8, 9, 10] . Many versions of the theory exist; in this section, we review some of the setup of Lagrangian Floer cohomology for manifolds which are isomorphic to the symplectization of a contact manifold near infinity, and discuss the reasons that HF (φ) is well-defined for the maps φ we consider in Theorem 1.1. (We do not, however, define the Floer differential.) 2.1. Floer cohomology for conical Lagrangians. We will work exclusively with Lagrangians that are conical in the following sense. Let (N, ω, λ, J) be an exact symplectic manifold with ω = dλ the symplectic form and J an ω-compatible almost complex structure on N . Suppose that N is convex at infinity and of finite type; that is, suppose that N admits an exhausting function ψ : N → [0, ∞) with λ = −d C f and ω = −dd C f , and there exists some C > 0 such that all critical points of ψ occur in N <C = ψ −1 ([0, C)). Then N C is a contact manifold with contact form α C = λ| N C and N ≥C is symplectomorphic to the symplectization of N C . Let Z ψ be the Liouville vector field and κ : [0, ∞) × N → N its flow.
Notice that conical Lagrangians are convex at infinity; the restriction of f to any conical L is an exhausting function. Let L 0 , L 1 be two conical Lagrangians in N with compact intersection. [18] . We now introduce their setup.
Suppose that (V, ∂V ) is an exact symplectic manifold with contact type boundary. Let ω = dλ be the symplectic form on V and α = λ| ∂V be the contact form. Let A 0 , A 1 be two exact Lagrangian submanifolds such that Λ i = A i ∩ ∂V is Legendrian for i = 0, 1 and Λ 0 ∩ Λ 1 = ∅. Let Z be the outward-pointing Liouville vector field on ∂V , and κ : (−r, 0] × ∂V → V be the negative time flow of Z. Let R be the Reeb vector field on ∂V .
Definition 2.2. We say that
Of course, the case we are interested in is (V, ∂V ) = (N ≤C , N C ), and A i = N C for i = 0, 1. We have the following isotopy lemmas.
Lemma 2.3. [18, Lemma 5.2](a)
Any Lagrangian submanifold A i of (V, ∂V ) with Legendrian boundary can be deformed, rel ∂V , into a κ-compatible Lagrangian. (b)Let (A t ) 0≤t≤1 be a Lagrangian isotopy such that A 0 and A 1 are κ-compatible and A t ∩ ∂V is Legendrian for all t. Then there is an isotopy (A ′ t ) 0≤t≤1 of κ-compatible Lagrangians with Legendrian boundary with the same endpoints such that A t ∩ ∂V = A t ′ ∩ ∂V for all t. If (A t ) is exact then (A t ′ ) may also be chosen to be exact. 
Once this deformation has been accomplished, we can say a few words about the definition of the Floer cohomology of L 0 and
Floer differential counts unparametrized finite energy strips u : R × [0, 1] which are solutions to Floer's equations ∂u ∂s
with respect to some family of complex structures J which perturbs J and respects the structure of N as a symplectization near infinity. We let M(J) be the space of such curves for some J which is regular, that is, such that the operator D J u arising which gives a linearization of Floer's equations is surjective for all u ∈ (J). Khovanov 
The intended application of this result is for showing that small positive pushoffs by the Reeb flow do not change HF (A 0 , A 1 ), and indeed, that is how we will apply it in the next subsection.
2.2.
The diagonal, the graph, and other important Lagrangians. In this section, we show the Lagrangians we are interested in are indeed exact and conical, and discuss how to deform them to have compact intersection.
As at the beginning of this section, let (M, ω, λ, J) be an exact symplectic manifold with ω = dλ the symplectic form and J an ω-compatible almost complex structure on M . Suppose that M is convex at infinity and of finite type; that is, suppose that M admits an exhausting function f : M → [0, ∞) with λ = −d C f and ω = −dd C f , and there exists some c > 0 such that all critical points of f occur in M <c = f −1 ([0, c)). Then as previously, M c is a contact manifold with contact form α c = λ| Mc and M ≥c is symplectomorphic to the symplectization of M c .
Let φ : M → M be an exact symplectomorphism which, outside a compact set K, is either the identity or equal to the symplectization of a contactomorphismφ such that x =φ(x) =φ 2 (x).(For simplicity, we assume K ⊂ M <c , although once we have made this adjustment we no longer allow c to change). We consider the manifold N = M ×M − with the symplectic form ω⊕(−ω) = d(λ⊕(−λ)) and complex structure J ⊕ −J. This manifold admits an exhausting function ψ = f ⊕ f . Notice that ω ⊕ (−ω) = −dd C (f ⊕ f ), because the complex structure has a different sign on each factor. Moreover, the critical points of ψ lie in ψ −1 ([0, C)) = N C , where C = 2c.
Consider the Lagrangians ∆ = {(a, a) : a ∈ M } and Γ φ = {(a, φ(a)) : a ∈ M }. We see that the restriction of λ ⊕ (−λ) to ∆ is identically zero, so ∆ is exact. Moreover, since φ is an exact symplectomorphism, φ * λ = λ + η, with η an exact one-form, so if (v,
We can easily see that the submanifold ∆ ⊂ M × M − is conical. Since the exhausting function
for some v ∈ T M , and therefore the flow of Z ψ preserves the diagonal. Moreover, since λ ⊕ (−λ)| ∆ = 0, the intersection of ∆ with any M C is Legendrian.
Now we must discuss Γ φ . We have two cases. If φ is equal to the symplectization of a contactomorphism with no fixed points outside of a compact set, then Γ φ is conical and the intersection ∆ ∩ Γ φ is contained in M ≤C , hence is compact. However, if φ is equal to the identity outside M ≤c , we have Γ φ = ∆ on M ≥c . We will need to perturb Γ φ by a Hamiltonian isotopy to make the intersection compact and then show that the resulting Lagrangian is conical.
We begin by setting up some notation on the manifold M . Let X f be the Hamiltonian vector field of f : M → [0, ∞); then for any e ≥ c, on the contact manifold M e , we have X f = eR αe . That is, X f is a multiple of the Reeb vector field for the contact form α e = λ| Me . Let ζ f : [0, ∞) × M → M be the Hamiltonian flow of f . Choose an s > 0 sufficiently small that 2sc is less than the period of all Reeb orbits on the contact manifold M c . (This is always possible since the set of periods of Reeb orbits on a contact manifold attains a positive minimum, cf. [16, page 109] .) It follows that 2sd is not the period of any Reed orbit on M e , so for all x ∈ M e , we have ζ f (t, x) = ζ f (−t, x) for all 0 ≤ t ≤ s.
Now consider the situation on
is a contact manifold with Reeb vector field (g(a) , a), ζ f (−g(a), φ(a)) : a ∈ M }. (Because g(a) ≡ 0 whenever φ(a) = a, we have the equivalent description Γ φ,s = {(a, ζ f (−2g(a), φ(a)) : a ∈ M }.) On each contact manifold N E , this is the flow ζ f ⊕ ζ −f at time e applied to ∆ ∩ N E . Because ζ f ⊕ ζ −f is a multiple of the Reeb flow on N E , we see that Γ φ,s ∩ N E is Legendrian. Moreover, Γ φ,s ∩ ∆ is contained in N ≤C and Γ φ,s is preserved by the Liouville flow on N ≥C+2 , hence is conical. Moreover, since Γ φ,s is a deformation of an exact Lagrangian along a Hamiltonian vector field, we see that Γ φ,s is still exact.
We are now ready to define the Floer cohomology of the symplectomorphism φ for the case that φ is the identity outside of a compact set. Definition 2.7. Let φ : M → M be an exact symplectomorphism such that φ is equal to the identity outside of a compact set. We say that the Floer cohomology HF (φ) of the symplectomorphism φ : M → M is the Lagrangian Floer cohomology HF (Γ φ,s , ∆).
The following is a direct consequence of Lemma 2.6. But the equality between the two points implies that φ(a) = b and φ(b) = a, so φ 2 (a) = a. This is impossible, because φ has no fixed points on M ≥c . We conclude that ∆∆ ∩ Γ φ Γ φ is contained in M 4 ≤C ′ . Now consider the case the φ is the identity on M ≥c . Unlike ∆ and Γ φ in M × M − , the Lagrangians ∆∆ and Γ φ Γ φ are not identical outside of a compact set. However, we claim a very similar deformation Γ φ Γ φ can be used to ensure that the intersection of the two Lagrangian lies in a compact subset of M 4 , as follows. 
Because the flow of ζ f on M preserves the level sets of f , we conclude that
. We also know that 2(f (a) + f (b)) ≥ C ′ + 4, so at least one of f (a) and f (b) is greater than or equal to c + 1. Without loss of generality, suppose it is f (a).
. This equality implies that ζ f (2s, a) = a. But s was specifically chosen small enough that this is impossible. Therefore Γ φ,
∩ ∆∆ is contained in M ≤C ′ +4 , hence is compact. By the same arguments as previously, HF (Γ φ,s Γ φ,s , ∆∆) is well-defined.
Remark 2.9. At this point we pause for two remarks about our perturbations of Γ φ . First, the reader may have noticed that the effect of our perturbation is to replace φ by some φ 0 which, rather than being equal to the identity near infinity, is the symplectization of a contactomorphismφ 0 such thatφ 0 andφ 2 0 have no fixed points. That is, we have reduced this case to our other possible set of conditions on φ. Secondly, invariance under s is extremely important to our construction for the following reason: under the involution τ (a, b, c, d) = (c, d, a, b) , the fixed set of Γ φ,
, whereas we will see in Proposition 1.6 that HF (Γ φ,
, ∆∆) is identified with HF (Γ φ 2 ,s , ∆). Ergo the spectral sequence of Theorem 1.1 goes from HF (Γ φ 2 ,s , ∆)⊗Z 2 ((θ)) to HF (Γ φ, s 2 , ∆). Fortunately, both theories are independent of the choice of sufficiently small s.
2.3.
Floer cohomology with the diagonal and the proof of Proposition 1.6. Finally, we turn our attention to the proof of Proposition 1.6. We first present a lemma whose proof is very similar to the identification between HF (φ) and HF (Γ φ , Λ); the formulation we quote here is from Ganatra [12, Proposition 8.2].
Lemma 2.10. Let L 0 , L 1 be exact conical Lagrangian subspaces of (N, ω) with intersection contained in a compact set K ⊂ N . Let ∆ ⊂ N ×N − be the diagonal subspace. There is an isomorphism
Proof. First, observe that since the Liouville flow on
If we assume that we have already perturbed L 0 and L 1 along an exact Lagrangian isotopy to intersect transversely, the intersection (L 0 × L 1 ) ∩ ∆ is also transverse. Choose a perturbation J = J t of the complex structure on M such that D J u is regular for every pseudoholomorphic u ∈ M(J) and J is compatible with the structure of the symplectization near infinity. LetJ = J t
Then we may unfold the holomorphic strip v into two coordinate pseudoholomorphic strips (u 1 (
, and u 1 (s, 1) = u 2 (s, 0) for all t. We can glue together u 1 and u 2 to obtain a map u : R × [0, 1] → N ; this map is C 1 since both u 1 and u 2 solve Floer's equation, and therefore by elliptic regularity, u must in fact be smooth. Moreover, u is regular if and only if v is regular. We see this relationship gives a bijection between pseudoholomorphic strips counted by the differential on CF (L 0 , L 1 ) and pseudoholomorphic strips counted by the differential on CF (L 0 × L 1 , ∆).
We are now ready to prove Proposition 1.6.
Proof of Proposition 1.6. Our goal is to show that HF (Γ φ Γ φ , ∆∆) ≃ HF (Γ 2 φ , ∆). First, we apply φ to the second and third factors of M × M − × M × M − . This map preserves ∆∆, since it takes any point (a, b, b, a) ∈ ∆∆ to (a, φ(b), φ(b), a) ∈ ∆∆. The image of any point (a, φ(a), b, φ(b)) ∈ Γ φ Γ φ under this symplectomorphism is (a, φ 2 (a), φ(b), φ(b)), so this symplectomorphism has the effect of replacing
(Notice that if φ was the identity near infinity and we perturbed φ as above, we have replaced Γ φ,
with Γ φ 2 ,s ∆.) This symplectomorphism id ⊕φ ⊕ φ ⊕ id carries pseudoholomorphic curves with respect to J to pseudoholomorphic curves with respect to the complex structure (id ⊕φ −1 ⊕ φ −1 ⊕ id)jJ = J ′ . Indeed, J ′ is regular if J was. The only issue is that this push-forward complex structure may not respect the structure of M 4 at infinity, however, it is still the case that all u ∈ (J) are contained in a compact subset of M 4 , so if necessary we perturb J ′ outside of this subset to make it compatible with the structure of M 4 as a symplectization near infinity. This does not change the pseudoholomorphic curves. Ergo there is an isomorphism HF (Γ φ Γ φ , ∆∆) ≃ HF (Γ φ 2 ∆, ∆∆).
To finish the proof, we appeal to Lemma 2.10 a, a, b, b) . After rearranging (but not changing the sign of) the second and third factors, we see that
Existence of a stable normal trivialization
In this section, we discuss the concept of a stable normal trivialization, the major technical hypothesis of Theorem 1.7. We then show that the manifold M 4 = M ×M − ×M ×M − with the Lagrangians Γ φ Γ φ and ∆∆ and involution τ (a, b, c, d) = (c, d, a, b) carries a stable normal trivialization.
Recall that N is an exact symplectic manifold which is convex at infinity, and L 0 and L 1 are two Lagrangian submanifolds which are exact and either convex at infinity or compact. Assume that L 0 ∩ L 1 is compact. As in the introduction, let τ : N → N be a symplectic involution which preserves L 0 and L 1 setwise. Then the fixed set of τ is a symplectic manifold N inv containing Lagrangians L inv 0 and L inv 1 , the fixed sets of L 0 and L 1 respectively. We need to set up a little notation to introduce Seidel and Smith's technical conditions. Let N (N inv ) be the normal bundle of N inv ⊂ N , and let Υ(N inv ) be the pullback of N (N inv ) to N inv × I, where I is the unit interval [0, 1].
which is a subbundle of Υ(N inv )| L inv i ×{j} . Definition 3.1. [22, Definition 18] A stable normal trivialization of (N, L 0 , L 1 ) consists of the following data:
• A unitary trivialization Ψ :
We quote Seidel and Smith's main result (which also appeared in the introduction) again for the reader's convenience. Then there is a spectral sequence whose E 2 page is HF (L 0 , L 1 ) ⊗ Z 2 ((θ)) and whose E ∞ -page is
Before showing that (M 4 , Γ φ Γ φ , ∆∆) has a stable normal trivialization, let us pause for a quick note on the proof of Theorem 1.7 in the case of noncompact Lagrangians. In the proof, the stable normal trivialization is used to deform the Lagrangians L 0 and L 1 in such a way that pseudoholomorphic strips inside N inv remain regular when considered as psedudoholomorphic strips in N . Importantly, this deformation fixes the invariant sets L inv i for i = 0, 1. When the fixed sets are noncompact, we would like to have this deformation be compactly supported. Therefore, we choose a compact set K ⊂ N that contains the image of all u ⊂ M(J) (which always exists because the intersection of L inv 0 and L inv 1 is compact and N is convex at infinity) and interpolate between the full deformation on given by the stable normal trivialization on a neighborhood of K and the identity near infinity.
We now show that, under the hypotheses of Theorem 1.1, (M 4 , Γ φ Γ φ , ∆∆) carries a stable normal trivialization. Recall that let M is a symplectic manifold which is exact, convex at infinity, and whose tangent bundle is stably trivializable, and φ : M → M is an exact symplectomorphism which, near infinity, is the symplectization of a contactomorphismφ such that neitherφ norφ 2 has fixed points. As per Remark 2.9, up to perturbation this is the only case we need to check. Recall from the introduction that the manifolds salient to our investigation have the following form.
Ergo we have tangent bundles as follows.
, N ∆, and N Γ φ are as follows.
Observe that these normal bundles are copies of T (M × M − ) and its subbundles T Γ φ and N ∆. So we don't in fact need to work with normal bundles any further; it will suffice to construct a stable normal trivialization of T (M × M − ) with respect to the Lagrangian subbundles N ∆ over ∆ and T Γ φ over Γ φ . Recall that we assumed T M is stably trivial. Let us choose a complex trivialization
Here ǫ m C is the trivial bundle M × C m over M , and k = n + m. The expression (v, c) indicates a vector v ∈ T M and a vector c ∈ ǫ m C ; we will need to keep track of each of these vectors in order to ensure we extend to a unitary trivialization of T (M × M − ) later.
Here I m is the identity map on ǫ m C . Since U (k) is a deformation retract of Sp(2k), Φ is homotopic to a map to the unitary group. Proof. Recall that we start with a stable complex trivialization ψ of the tangent bundle T M with respect to the complex structure J. This gives us a stable trivialization Ψ 1 of T (M × M − ), given by
((x, y), (v, w), (c, d)) → (x, y, ψ x (v, c), ψ y (w, d)).
Note that there is a slight mismatch in the factors above; (x, y) is a point of M × M , whereas v ∈ T M x and w ∈ T M y , in the spirit of grouping points together and vectors together. The last step follows because A is a unitary transformation. So we have described a stably normal trivial structure on Υ(M × M − ).
